Fast radio bursts (FRBs) are intense radio transients whose physical origin remains unknown. Therefore, it is of crucial importance to use a model-independent method to obtain the energy function and cosmic formation rate directly from the observational data. Based on current samples from the Parkes and ASKAP telecsopes, we determine, for the first time, the energy function and formation rate of FRBs by using the Lynden-Bell C − method. The energy function derived from the Parkes sample is a broken power law, however it is a simple power law for the ASKAP sample. For Parkes sample, we derive the formation rate which is roughly consistent with the star formation rate up to z ∼ 1.7, with a local formation rate ofρ (0) 
INTRODUCTION
Fast radio bursts (FRBs) are intense radio transients with intrinsic durations less than several milliseconds (Lorimer et al. 2007 ; Thornton et al. 2013; Ravi 2019) . So far, more than seventy FRBs have been detected by various telescopes (Petroff et al. 2016) . They are all nonrepeating sources except FRB 121102 (Spitler et al. 2016) and FRB 180814 (The CHIME/FRB Collaboration et al. 2019) . Their dispersion measures (DMs) are typically hundreds of pc cm −3 , which are much higher than the DM contribution of our Galaxy, robustly suggest that FRBs occur at cosmological distances. This is supported by the identification of the host galaxy of the repeating FRB 121102 with redshift z ≃ 0.19 (Chatterjee et al. 2017; Tendulkar et al. 2017 ).
Many models have been proposed to explain FRBs. It was suggested that FRBs can be produced by emission from a single neutron star (NS), such as giant pulses from young pulsars (Keane et al. 2012; Cordes & Wasserman 2016) , giant flares from magnetars (Lyubarsky 2014) , and magnetic field shedding of collapsing neutron stars (Zhang 2014; Falcke & Rezzolla 2014; Punsly & Bini 2016) . Some compact binary mergers, specifically, mergers of double white dwarfs (WDs) (Kashiyama et al. 2013) , of WD-NS (Gu et al. 2016; Liu 2018) , of WD-black hole (BH) (Li et al. 2018) , of double NSs (Totani 2013; Wang et al. 2016) , NS-BH (Mingarelli et al. 2015) , or of double BHs Zhang 2016) , could be responsible for FRBs. Besides these, there are also other novel models, such as pulsar traveling though asteroid belt , super-conducting strings (Cai et al. 2012) , primordial black holes coalescence (Deng et al. 2018) , and so on (see Platts et al. 2018 , for a comprehensive review). However, the nature of FRBs remains unknown. The formation rate and energy function as well as their cosmological evolution are crucial for revealing the origin of FRBs. In this paper, we investigate the formation rate and energy function of FRBs. The errors quoted through this paper are all at the 1σ confidence level.
SAMPLE SELECTION
To date, a total of more than seventy FRBs have been detected by various radio telescopes including the Arecibo, ASKAP, CHIME, GBT, Parkes, Pushchino, and UTMOST, which are available from the FRB catalogue 1 (see Petroff et al. 2016 and references therein). Since different telescopes have different detection thresholds, here we only take into account the two subsamples out of the 28 FRBs detected by the Parkes and 25 detected by the ASKAP telescopes respec-tively, to ensure that the very different response functions of different telescopes will not be involved.
The observed DM of an FRB can be consisted of
where DM MW is the DM distribution from the Milky Way and DM host is the DM contribution from both the FRB host galaxy and source environment in the cosmological rest frame of the FRB. The IGM portion of DM is related to the redshift of the source through (Ioka 2003; Inoue 2004; Deng & Zhang 2014 )
where Ω b is baryon density, f IGM ∼ 0.83 is the fraction of baryons in the IGM (Fukugita et al. 1998) , and f e ∼ 7/8 is the free electron number per baryon in the universe, which was first introduced by Deng & Zhang (2014) . Adopting the latest Planck results for the ΛCDM cosmological parameters, i.e., H 0 = 67.74 km s
, Ω m = 0.3089, and Ω Λ = 0.6911 (Planck Collaboration et al. 2016) , the redshifts of the FRBs can then be inferred from their DM IGM . In order to obtain DM IGM of an FRB, we have to figure out DM MW and DM host . The DM MW values have been derived based on the Galactic electron density models of Cordes & Lazio (2002) or Yao et al. (2017) , as provided in the FRB catalogue (see Petroff et al. 2016 and references therein), while the DM host values are mostly unknown. The observations of the host galaxy of FRB 121102 suggest that DM host (∼ 100 pc cm −3 ) is not small, which is comparable to DM IGM for FRB 121102 (Tendulkar et al. 2017) . However, the surrounding environments of non-repeating FRBs seem different with that of FRB 121102. Polarization measurements suggested that FRB 121102 is associated with an extreme magneto-ionic environment (Michilli et al. 2018 ), but the non-repeaters are not (Caleb et al. 2018) . Furthermore, the search for the host galaxy of FRB 171020, possibly the most nearby FRB so far, suggested it might be hosted in a low star-forming Sc galaxy and might not be associated with a luminous and compact radio continuum source (Mahony et al. 2018) , in contrast to the case of FRB 121102. And we note that DM FRB 171020 = DM obs − DM MW = 76.1 pc cm −3 , which suggests the DM host value for non-repeaters might be not large, again in contrast to the case of FRB 121102. Therefore, we adopt a fixed DM host = 50 pc cm −3 , which is close to DM MW , to derive a rough estimation on DM IGM , and hence, a rough estimation on z, of a particular FRB.
With an inferred redshift z, we calculate the isotropic energy 2 of an FRB within the rest-frame bandwidth (ν 1 , ν 2 ) by 2 In this paper, we care more about the observed energy rather than about the observed luminosity. That is because we note that the intrinsic pulse
where F ν is the observed fluence density, D L is luminos-
is the spectrum of FRBs, ν c = 1.352 GHz and ν c = 1.297 GHz are the typical central frequency of Parkes and ASKAP, respectively. Shannon et al. (2018) and found that the FRB population have a mean spectrum index α = 1.8 ± 0.3 and α = 1.6 +0.2 −0.3 , respectively. We adopt α = 1.6 in this paper. We take ν 1 = 1 GHz and ν 2 = 8 GHz, because an FRB at redshift ∼ 4 with characteristic frequency ∼ 8 As discussed by Keane & Petroff (2015) , the fluence completeness should be considered when one attempts to determine the population estimates for FRBs. The detection criteria is decided by the signal-to-noise ratio (Caleb et al. 2016) ,
where β is the digitisation factor, G is the system gain in K Jy −1 , B is the bandwidth in Hz, N p is the number of polarizations, T sys is the system temperature in K, S ν is the flux density of the signal in Jy, and W obs is the observed pulse width in seconds. The signal is claimed as a reliable FRB detection when the S/N reaches over some critical values,typically 8 to 10. Based on Eq (4),then we have the detection threshold in fluence density,
One can see that the detection threshold is depends on the pulse width W obs . For the same F ν , a signal with larger W obs is more difficult to be detected by the telescope. According to Eq (5), we only have fluence completeness for F ν 2 Jy ms with a pulse width of ∼ 32 ms which is the maximum to which FRB searches at Parkes are sensitive. We adopt a fluence threshold limit F ν,th ≃ 2 Jy ms, and pick a sub-sample containing 17 FRBs out of the Parkes sample containing a total of 28 FRBs.
For ASKAP, according to Eq (5), Shannon et al. (2018) obtained a completeness threshold ∼ 26 Jyms with a pulse width matching the time resolution of 1.26 ms. However, in the current ASKAP sample, the pulse width has a typical value of several ms, with a maximum width of 5.4 ms for FRB 171019. Therefore, we have a completeness threshold of 51 Jyms by adopting W obs ∼ 5 ms. Using the threshold widths of most FRBs are unknown (Ravi 2019) and the observed energy is more physical than the observed luminosity. ∼ 51 Jyms, we also select a sub-sample containing 21 FRBs out of the ASKAP sample containing a total of 25 FRBs.
In the E −z plane, the truncated threshold F ν,th ∼ 2 Jy ms for Parkes sample and F ν,th ∼ 51 Jy ms for ASKAP sample are displayed by the red and blue dash lines in Figure 1 , respectively, and the corresponding energy threshold is calculated by Eq (3). One can see that the data points show a strong concentration toward the truncation line. In the next section, we estimate the energy function and cosmic formation rate of FRBs based on these two sub-samples, respectively.
ENERGY FUNCTION AND FORMATION RATE
For a survey of a telescope, the number of FRBs detectable above its threshold limit in the redshift range (z 1 , z 2 ) and energy range (E 1 , E 2 ) can be expressed as
Here Ω and T are the field-of-view and the total observing time, respectively. dV is the co-moving volume element of the universe. E min is the minimum observable energy at a redshift z. Ψ(E, z) is the total energy function. If Ψ(E, z) is known, one can calculate the observed number of FRBs by a given telescope according to Equation (6). If E is independent of z, without loss of generality, Ψ(E, z) can be expanded into a degenerate (separate) form ψ(E)ρ(z), where ψ(E) is the energy function andρ(z) is the formation rate of FRBs.
However, as shown in Figure 1 , E and z appear to be highly correlated with each other both for Parkes and ASKAP sample. Of course, this might be a result of the truncated effect and may not reflect the real physics. Thus, the first step is to test the intrinsic correlation between E and z. In order to achieve the goal, we use the Efron-Petrosian method (Efron & Petrosian 1992) which is a test of independence for truncated data. For the ith FRB in our sample, described by (E i , z i ), we can define the associated set as
where z max,i is the maximum redshift at which the FRB with energy E i can be detected by the telescope above the detection threshold . The number of FRBs in this associated set A i is denoted as N i . We further define A i 's largest un-truncated subset as
The number of FRBs in B i is denoted as R i . Then we calculate the modified Kendall correlation coefficient through the statistic τ :
where X i = (N i + 1)/2 and V i = (N 2 i − 1)/12 are the expectation and variance for the uniformly scattering distribution, respectively. Theoretically, a small |τ | value (≤ 1) implies energy evolution of FRBs is independent with redshift and |τ | ≫ 1 implies a strong dependence. We find |τ | ≃ 0.4 for Parkes sample which implies that E is independent of z. And we find |τ | ≃ 1.1 for ASKAP sample, which means that E is slightly correlated with z. However, we think that the independence between E and z is acceptable since the degree of correlation is very low.
Since E is independent of z, we can derive the energy function ψ(E) and formation rateρ(z) of FRBs respectively by applying the C − method proposed by Lynden-Bell (1971) . This method has been widely used in the study of gammaray bursts (GRBs) (Lloyd-Ronning & Ramirez-Ruiz 2002; Yonetoku et al. 2004 Yonetoku et al. , 2014 Petrosian et al. 2015; Yu et al. 2015; Deng et al. 2016; Zhang & Wang 2018 ) and radio pulasrs (Desai 2016) . The robustness of this method has been confirmed by these works through Monte Carlo simulations. Pescalli et al. (2016) further found that the C − method can give more reliable results when applied to complete samples. The cumulative energy distribution Φ(> E) can be calculated point-by-point starting from the lowest observed energy (Lynden-Bell 1971),
where j < i implies that the jth FRB has a larger energy than the ith one. The normalized cumulative energy distributions Φ(> E) for Parkes sample (blue step line) and ASKAP sample (red step line) are shown in Figure 2 . For Parkes sample, the best fitting function to the cumulative energy distributions is a broken power law. However, for ASKAP sample, the best fitting function is a simple power law. The differential energy function ψ(E) can then be obtained by derivation of Φ(> E), yielding
for Parkes sample, where E b is the break energy and the fitting value is E b = (3.7 ± 0.7) × 10 40 erg. For ASKAP sample, the differential energy function is
To derive the cosmic formation rateρ(z) of FRBs, we define another associated set C i as,
where z i is the redshift of ith FRB and E min 0,i is the minimum observable energy at redshift z i . The number of FRBs in C i is denoted as M i . Similar to deriving the energy function, we can obtain the cumulative redshift distribution φ(< z) as (Lynden-Bell 1971),
We can derive the FRB cosmic formation rateρ(z) with the following formula,
Normalized ( where the factor (1 + z) comes from the cosmological time dilation. Figure 3 gives the normalized cosmic formation rate derived from Parkes sample (blue step line) and ASKAP sample (red step line), respectively, comparing with the normalized cosmic star formation rate (gray points). One can see that the formation rate derived from Parkes sample is roughly consistent with the star formation rate (SFR) up to z ∼ 1.7. However, the formation rate derived from ASKAP sample evolves much faster than the SFR up to z ∼ 0.7, witḣ ρ(z) ∝ (1 + z) 6.9±1.9 . Moreover, one can obtain the local formation rateρ(0) ≃ 3.2 ± 0.3 × 10 4 Gpc −3 yr −1 for Parkes sample andρ(0) ≃ 4.6 ± 0.8 × 10 3 Gpc −3 yr −1 for ASKAP sample, respectively, by assuming no beaming effect. Here we have adopted the total exposure ΩT ≃ (700 + 1115 + 907) × 0.55 × 0.9 deg 2 h ≃ 1347.4 deg 2 h based on the SUPERB survey for Parkes sample (Bhandari et al. 2018 ), where we have assumed a 90% survey efficiency. And we have adopted the total exposure ΩT ≃ 5.1 × 10 5 deg 2 h for ASKAP sample ).
CONCLUSION AND DISCUSSION
In this work, we use the Lynden-Bell C − method to study the released energy function and cosmic formation rate of FRBs without model assumptions. This is the first time for applying this method to FRBs. Firstly, we find that the energy of FRBs is independent of the redshift. We derive the differential energy function, it is a broken power law for Parkes sample, however it is a simple power law for the ASKAP sample. Moreover, we also derive the cosmic formation rate of FRBs. It is a surprise that the formation rate of FRBs derived from Parkes sample is roughly consistent with the SFR up to z ∼ 1.7, with a local rate ofρ(0) ≃ (3.2 ± 0.3) × 10 4 Gpc −3 yr −1 . However, we find that the formation rate of FRBs derived from ASKAP sample evolves much faster than the SFR up to z ∼ 0.7 namelyρ(z) ∝ (1 + z) 6.9±1.9 , with a local rate ofρ(0) ≃ (4.6 ± 0.8) × 10 3 Gpc −3 yr −1 . Note that the local rate derived from the Parkes sample is larger than that from the ASKAP sample by a factor of ∼ 7. This is understandable because Parkes is much sensitivity than ASKAP.
We note that Locatelli et al. (2018) also found that the formation rate of FRBs is consistent with the cosmic SFR for Parkes sample, but it evolves faster than the SFR for ASKAP sample. They could not tell whether such fast evolution (ASKAP sample) is due to an intrinsic density evolution or to a luminosity (or energy) evolution. However, in our work, we show that the energy evolution of FRBs is likely independent of the redshift 3 . Therefore, this fast evolution may not be not due to a luminosity (or energy) evolution.
It is odd that we obtain different results, namly the energy function and cosmic formation rate, from Parkes sample and ASKAP sample by using the same method. One thing must be noted is that the fluences measured by Parkes are actually lower limits due to the unknown position of the FRBs in the beam pattern ). This will affect the energy estimation for Parkes sample, and this effect is difficult to estimate. However, the fluences measured by AKSAP are much more reliable than Parkes since they use a phased array feed. But unfortunately, the ASKAP sample probes a much smaller volume than Parkes sample. Also, the small sizes of the current sample of FRBs limit the robustness of the results in this paper. More FRBs samples are needed to further study this subject in the future work. For instance, it is expected that CHIME can detect 2-42 FRBs per day (CHIME/FRB Collaboration et al. 2018) . We believe that, not too long, a larger sample from the CHIME telescope could yield interesting results on the FRB population as a whole.
Anyway, we derived a local rateρ(0) ∼ 10 4 Gpc −3 yr −1 for non-repeating FRBs. It allows us to compare this rate to various progenitors model. Furthermore, the formation rate is likely to evolve fast at low redshift. In any case, FRB models should explain the formation rate both at local and its evolution. 
